In supersymmetric quantum electrodynamics there is the exact relation between the expressed through the unrenormalized coupling gauge beta-function and the anomalous dimension of matter superfields. In the present report we describe the subgroup of general renormalization group transformations, conserving this relation exactly in all orders of the perturbation theory in terms of the renormalized coupling constant.
Introduction
The calculations of quantum corrections in various field theory models are leading to the appearance of the ultraviolet divergences, which can be removed from physical quantities by the renormalization procedure [1] . Renormalization transformations constitute the renormalization group [2] . In the present report we construct the subgroup of these transformations, conserving the validity of the exact Novikov, Shifman, Vainshtein and Zakharov (NSVZ) relation [3, 4] for the renormalized β-function and anomalous dimension of the matter superfields in N = 1 supersymmetric (SUSY) quantum electrodynamics (SQED) with N f flavours. In this SUSY model this relation [5] is :
where α = e 2 /(4π). This formula is written for the renormalization group functions, defined in terms of the renormalized coupling constant in the following standard way:
where Λ is the dimensionful regularization parameter, α is the renormalized coupling constant and Z is the renormalization constant of the chiral matter superfields φ i (encoding the quantum renormalization of these superfields). Note, that both α and Z are defined at a particular normalization scale µ:
The total derivatives with respect to the logarithm of this scale act at a fixed value of the bare coupling constant α 0 . These beta-and gamma-functions depend on the choice of the renormalization prescription [6, 7] . Therefore, the NSVZ formula is valid only with certain renormalization prescriptions (called the NSVZ schemes), which are related by specific finite renormalization (FR) procedures.
Specific NSVZ schemes
The first scheme in which the NSVZ relation (1) for the renormalization group functions defined in terms of the renormalized coupling constant is valid was constructed in all orders of the perturbation theory, when the higher derivatives (HD) regularization [8, 9] was applied and the renormalization procedure was based on minimal subtraction of ln(Λ/µ)-terms (MSL) [10] . Within the MSLscheme the renormalized NSVZ relation seems to be true for the non-Abelian theories in all orders of perturbation theory as well [11] . This HD-based scheme is constructed to insure the coincidence of the N=1 SUSY QED renormalization group functions defined in terms of renormalized and bare couplings [10] and on the fact that within HD-regularization the bare coupling constant-dependent NSVZ equation is satisfied in all orders of perturbation theory. In the Abelian case it was demonstrated in [12, 13] , while for non-Abelian theories this was confirmed by numerous multiloop calculations (see, e.g., [14] ). Besides, the HD regularization is mathematically consistent and has a number of attractive features. It can be formulated in a manifestly supersymmetric way [15, 16] and provides the factorization of loop integrals for the expressed through unrenormalized couplings beta-functions of N=1 SUSY theories into the integrals from double total derivatives [17] . This important feature simplifies essentially the concrete multi-loop calculations in the entering into NSVZ relations quantities both in the Abelian and non-Abelian SUSY cases. However, it is known, that the NSVZ relation does not take place, when the theory is regularized with the help of dimensional reduction (DRED) and renormalized according to the DR subtraction prescription [18, 19] . In this case the equation (1) is not valid already in the lowest scheme-dependent 3-loop order for the β-function. Nevertheless, it is always possible to make a FR of α, restoring the NSVZ relation. This FR, required for the DR + NSVZ scheme, can be reformulated in terms of certain boundary conditions imposed on the renormalization constants [20] , at least, at the 3-loop level.
The third important ultraviolet renormalization presription, which was used in SQED, is the scheme with the subtractions on the mass shell, where the renormalized mass coincides with the "physical" one, defined as pole in the renormalized propagators of the matter superfields [21] . Recently it was shown that the application of the on-shell scheme in SQED (regularized by HD)
gives the exact NSVZ β-function in all orders . Therefore, the on-shell prescription is distinguished not only from phenomenological reasons, as in nonsupersymmetric QED [23] , but from theoretical reasons as well [22] .
It is known, that all these three different NSVZ renormalization prescriptions provide different answers for the SQED β-function starting from the 3-loop level. All of these NSVZ schemes belong to a particular class of the related by FR renormalization prescriptions, which respect the SQED NSVZ relations [24] . The explicit expressions for these FRs in the lowest orders of the perturbation theory can be found in [22] and [24] .
The class of NSVZ schemes
Finite renormalization in its general form is the following redefinition of the renormalized coupling constant α and the Z-factor for the renormalization of matter:
where α ′ (α) and z (α) are arbitrary finite functions. Under this FR the gauge β-function and the anomalous dimension γ are changing as follows:
Let us find the general form of FRs, conserving the NSVZ relation (1). Consider two arbitrary renormalization schemes, in which the NSVZ relation is valid. One can always relate them with each other by using Eq.(4). It is possible to show, that this FR should satisfy the condition [24] :
where B does not depend on α and reflects the arbitrariness of the choice of the normalization scale µ [6] . This condition is relating the forms of variations of finite functions α ′ (α), z (α) and B and is describing the class of the NSVZ schemes [24] . Any FR transformation, converting any NSVZ scheme into another one, which is belonging to this class, should satisfy this condition. The inverse is also valid: any FR, satisfying (6), leaves the NSVZ relation valid. Therefore, only one of the α-depended finite functions and the parameter B can be chosen arbitrarily, while the other function is determined unambiguously.
The group and subgroup
In general finite renormalizations (4) belong to the renormalization group transformations [1] , which forms the continuously parametric group [2] . Moreover, they are forming the subgroup of these renormalization group transformations. Indeed, consider two arbitrary FRs with parameters {α 1 , z 1 } and {α 2 , z 2 }. Their group multiplication, i.e. their composition
is also a finite renormalization. One can construct such compositions at an arbitrary order. This possibility provides associativity of the transformations. The unit element of this group is the following identical transformation:
For each transformation (4) there is an inverse one
since the inverse function α ′ −1 always exists in perturbative calculations. It worth to note, that this inverse transformation can be applied both before the initial one and after it: the resulting composition gives the identical element (8) . Thus, FR subgroup satisfy all properties of a smoothly parameterised group. They constitute the group of renormalizations in its general sense. Moreover, the conserving the NSVZ relation FRs constitute the theorerically distinguished in SQED subgroup, which satisfies the condition (6) . Let us show this explicitly. Consider two sequential FRs within the class of NSVZ schemes with parameters {α 1 , z 1 , B (1) } and {α 2 , z 2 , B (2) } respectively, which satisfy the condition (6) . This group multiplication doesn't lead out of the considered subset of transformations. For each element (4) of the subset under investigation there is an inverse one, given by (9) . It also belongs to this subset, because it satisfies the condition 1
with B inv = −B. This can be demonstrated by substituting α ′ (α) into (9) . The condition (6) is valid for the identical transformation (8) with B = 0. Thus, the subset of FRs, distinguished by the condition (6), is the subgroup.
Conclusion
In this report the subgroup of general renormalization group transformations is described for N = 1 SQED. This transformations are finite renormalizations, conserving the NSVZ relation in terms of the renormalized coupling constant α. They act within the class of the NSVZ renormalization schemes and satisfy the condition (6) . The considered subgroup is parameterized by a single function z (α) and a constant B. These results can be generalized to the case of non-Abelian N = 1 supersymmetric gauge theories with chiral matter superfields.
